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VECTOR SPACES

1 Intersection of linear subspaces

Proposition (Intersection of linear subspace).

Let E be a vector space over R, F and G two linear subspaces of E. Then
FNG is a linear subspace of E.

Proof:

eFCFandGCFE= FNGCE.
e I and G linear subspaces of F = Og € F'and Op € G = 0g € FFNG.
e Let (u,v) € (FNG)? and a € R. Then, (u,v) € F? and (u,v) € G2. Thus,

F' linear subspace of E = au+v € F.
G linear subspace of £ = au+v € G.
Finally, cu+v € FNG.

2 Sum of linear subspaces

Proposition (Sum of linear subspaces).

Let E be a vector space over R, F and G two linear subspaces of E. Then
F + G is a linear subspace of E.

Proof:

Remind that F 4+ G ={u € E, I (uj,u2) € F X G,u = uj + ua}.

Thus, a vector u of E is in F'+ G if and only if it can be written as the sum of a F-vector and a
G-vector:

U= up + u
~— =~
eF  €G

e By definition, FF + G C E.

e 0p = Og + O because F' and GG are linear subspaces of E. Hence, Og € F + G.
~—~ \g
eF S

e Let (u,v) € (F+ G)? and a € R.
3 (u1,u2) € F x G and 3 (vi,v2) € F X G such that v = u; + uz and v = v; + va. Thus,
au+v=oa(u +ug) + (v1 +v2) = (us +v1) + (ug + v2)

ceF eG

since F' and G are linear subspaces of . Hence, cau+v € F + G.




Mathematics
VECTOR SPACES S2 EPITA-S2

Theorem (Uniqueness of the decomposition in F' + G).

Let E be a vector space over R, F' and G two linear subspaces of E in direct
sum, that is, FNG = {0g}.
Then the decomposition in F + G is unique:

Vue F+G,3(u,u2) € F X G, u=uj+ uy

Proof:
Let u € F' + G. Assume there are two ways of decomposing w:
u=wu; +uy with (uj,uz) € F xG and u=wv; +ve with (vi,v2) € FxG

Then, uq 4+ us = v1 + v9 = Uy — V1 = V3 — Us.

Since (u1,v1) € F? and F is a linear subspace of E, u; — vy € F. Similarly, vo — uy € G since us € G,
v9 € G and G is a linear subspace of E.
Thus, w1 — v1 = v9 — uy
—— ~———
eF eG

We hence get: u1 —v; € FNG. Since F and G are in direct sum (F NG = {0g}), we deduce that
Uy — V1 = OE, that iS, uy = vq.
By injecting this in: v = u; + w2 = v1 + vo, we get: ug = v2. The decomposition is hence unique.

3 Spanned linear subspaces

Proposition (Spanned linear subspaces).

Let E be a vector space over R and (u1,us,...,u,) € E™. If u, is a linear
combination of ui, ..., un_1, then

Span ((u1, ..., up—1,un)) = Span ((ui, ..., up—1))

Proof:

Let v € Span ((u1, ..., Up—1, Up)).
I(aq,...,an) € R" such that v = ajuy + ... + ap_1up—1 + apuy

Furthermore, we assume that 3 (Ay,...,\,—1) € R™ 1 such that u, = Mug + ... + Ay 1Un_1.
This relation leads to:
v o= Ul + ...+ ap_1Up—1 +ap(Aur + -+ Ap_1up_1)

= (a1 + ozn)\l)ul + ...+ (Oén_l + ozn)\n_l)un_l

Hence, v € Span ((u1,...,un—1)).
Let v € Span ((u1,...,up—1)). Then
F(a, ..., 1) € R" L such that v = ajui +... 4+ ap_1un_1
= au] + ...+ ap—1up—1 + Ouy
Hence, v € Span ((u1, ..., Up—1,Up)).
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